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Abstract— In this paper, we integrate model predictive
control (MPC) and mixed integer linear programming (MILP)
into a hierarchical framework suitable for solving optimization
problems involving robotic networks. A critical issue in
MPC/MILP applications is that the underlying optimization
problem must be solved on-line. This creates a time constraint
which is hard to meet when the number of robots and the
number of obstacles increase. To alleviate this difficulty,we
develop strategies that significantly improve the efficiency
of a hierarchical, decentralized optimization scheme. As an
application is considered a case of target assignment problem
in urban-like environments. Numerical simulations verify the
scalability of the algorithm to the number of robots and
complexity of the environment.

Index Terms— Hierarchical optimization, multirobot coordi-
nation, model predictive control, mixed integer linear program-
ming.

I. I NTRODUCTION

Recent advances in communication, computation, and
embedded technologies add support to a growing interest
in developing cooperative robotic networks. The motivation
for developing these systems stems from the recognition
that many tasks can be performed more efficiently and
robustly by a group of mobile agents rather than by a single
robot acting alone. Additionally, the increased computing
power and resource availability of a group of agents allows
users to extend the range of robotics applications to tasks
such as multi-point surveillance, distributed localization and
mapping, and cooperative transportation.

In this work, we combine model predictive control (MPC)
and mixed integer linear programming (MILP) in a con-
strained optimization algorithm for robot swarms. The key
strategy is based on two intuitive steps: (i) replacing large
problems with smaller problems which are computationally
tractable; (ii) finding heuristics that take advantage of the
structure of the problem and drastically reduce the number
of constraints.

Generally, MPC algorithms rely on an optimization of a
predicted model response with respect to the plant input to
determine the best input changes for a given state. Either
hard constraints (that cannot be violated) or soft constraints
(that can be violated but with some penalty) can be in-
corporated into the optimization, giving MPC a potential
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advantage over passive state feedback control laws. However,
there are possible disadvantages to MPC. In its traditional
use for process control, the primary disadvantage is often
considered to be the need for a good model of the plant.
In robotics applications, the foremost disadvantage may be
the computational cost, which is often negligible for slow-
moving systems in the process industry.

When dealing with motion coordination problems of mul-
tiple robots, it might be required to model logic constraints,
timing and non-timing constraints [24]. MILP allows the
encoding of logical rules, decisions, and constraints intothe
optimization problem [5]. Additionally, MILP has the capa-
bility of handling nonconvex constraints making possible to
model requirements such as obstacle avoidance or inter-robot
collision avoidance. One of the major drawbacks of using
MILP in a motion coordination algorithm is that obtaining a
solution is NP-hard. Therefore, the computational time grows
exponentially with the number of binary variables involved
in the problem. To overcome this limitation, at least, two
approaches are possible: (i) improving the algorithm used by
the solver [36], [15]; (ii) using some techniques to reduce the
number of binary variables present in the model [33], [10].

In this paper, we follow the second philosophy. Specifi-
cally, the motion coordination problem is divided into two
levels. The higher-level takes care of the network global
objective. The lower-level, on the other hand, provides ser-
vices related to individual robot goals such as obstacle and
inter-robot collision avoidance. Moreover, the lower-level is
decentralized in the sense that each robot solves its private
optimization problem. Also, to improve the scalability of
the hierarchical optimization algorithm some heuristics are
included in the problem formulation.

The remainder of the paper is organized as follows.
In Section II, we review relevant work on optimization
approaches for cooperative robots. Section III gives some
background and mathematical preliminaries. We formulate
the target assignment optimization problem in Section IV.
Section V and Section VI describe a centralized algorithm
and a hierarchical/decentralized algorithm to solve the opti-
mization problem, respectively. The algorithms were tested
on several scenarios including an urban environment. Section
VII contains results and a comparison between the two
algorithms. Finally, we draw conclusions in Section VIII.

II. RELATED WORK

Biology, computer, math and control communities have
focused attention on how crowds of people, flocks of birds, or
schools of fish move together in a decentralized, coordinated
manner. Flocking is a collective behavior that emerges when



a large number of mobile agents having a common goal [31]
interact with each other to reach a consensus state in the
heading angles and intervehicle separations [30]. In [39],a
simple model is proposed where several agents move with
the same speed. Each agent aligns its heading based on the
average of its own heading at timet and the headings of its
surrounding neighbors. Despite the absence of a centralized
coordination algorithm, the group is shown to align itself in
the same direction and a flocking behavior emerges. The
authors in [21] present a theoretical explanation for the
observed behavior.

In recent years, robotic networks have been designed for
various applications such as formation control [12], target
assignment, task allocation [27], and swarm aggregation
[19]. Moreover, a variety of optimization techniques [9],
[8] are increasingly being applied to coordination of robotic
networks engaged in distributed sensing tasks [11]. Optimal
motion planning is considered in [4], [26] for multiple robots,
and in [6] for marine vehicles. Distributed motion planning
approaches are discussed in [25]. In [28] the authors study
optimal sensor placement for mobile sensor networks. The
task of repositioning a formation of robots to a new shape
as defined in [13] while minimizing either the maximum
distance that any robot travels, or the total distance traveled
by the formation is described in [38].

Decentralized and distributed MPC algorithms are being
explored in [14], [35], [23], [18]. Furthermore, several au-
thors are using MILP in applications ranging from ground
robots to unmanned aerial vehicles [34], [20], [2]. Since, the
computation time is a major concern in MILP and MPC for-
mulations, several researchers are developing algorithmsthat
aim to improve the efficiency and scalability of the solution
methods [37], [10], [16]. Finally, a distributed optimization
approach is developed and applied to formation fight in [32].

III. M ATHEMATICAL PRELIMINARIES

A. Model Predictive Control

Model predictive control (MPC) or receding horizon con-
trol (RHC) is a control algorithm in which the control input
is obtained by solving, at each sampling time, an on-line
finite horizon open-loop optimal control problem, using the
current state of the system as initial state. The solution ofthe
optimization problem provides a sequence of control inputs
but only the first element of the sequence is applied to the
system [29]. Generally, control problems have to consider
constraints such as actuator saturation and safety limits.
Model predictive control has become a valuable tool to solve
constrained control problems.

Consider a discrete-time system given by

x(k + 1) = f(x(k), u(k)),

y(k) = h(x(k)),
(1)

where the statex and the inputu must satisfyx(k) ∈ X ⊂
R

n and u(k) ∈ U ⊂ R
m. The control objective is to drive

in optimal way the state of the system to the origin while
satisfying state and input constraints.

A cost function that measures the optimality of the solution
is

J(x,u, k) =

k+T−1
∑

i=k

c(x(i), u(i)) + C(x(k + T )), (2)

whereu = {u(k), u(k + 1), . . . , u(k + T − 1)}, T is called
the receding or control horizon,c is the cost that penalizes
the trajectory and the input, andC is the final cost associated
with the final state of the system. Under the assumption that
f(·) andc(·) are time-invariant, the cost function is also time-
invariant. In other words, the solution of the optimization
problem with the system in statex at timek is the same as
the solution of the optimization problem from statex at time
0 (uo(x, k) = u

o(x, 0)).
The open-loop optimization problem can be defined as

PT (x) : Jo
T (x) = min

u
{JT (x,u)|u ∈ U}, (3)

where, now,

J(x) =

T−1
∑

i=0

c(x(i), u(i)) + C(x(T )) (4)

andU is the set of admissible control inputs that satisfies all
the constraints. The MPC law is given by

κT (x) := uo(0, x). (5)

Early versions of MPC algorithms did not guarantee sta-
bility. Therefore, several modifications have been reported
in the literature to achieve this goal. In [7], the authors
show that the original MPC model guarantees stability for
unconstrained linear systems and constrained stable systems.
A modification that ensured stability for time-varying, non-
linear, constrained discrete-time systems is reported in [22].
Specifically a terminal equality constraintx(T ) = 0 is added
to the problemPT (x). This modification ensures stability but
it brings up a feasibility problem. In fact, it is possible that a
feasible solution cannot be found if the horizonT is not long
enough. Determining the region of attraction of the controller
(i.e., a setXT ⊂ R

n from which a feasible solution exists)
becomes an important issue.

B. Mixed Integer Linear Programming

There is a wide range of practical problems that can
be modeled with discrete and continuous variables, and
linear constraints. Discrete optimization shows all its power
and flexibility when decision variables are used. Decision
variables are discrete variables that can be either zero or one
(true or false). For example, if a new plant needs to be built in
one among several possible locations, a discrete optimization
problem can be modeled using decision variables. In this case
there is a decision variableδi for every location that is one
if the new plant is assigned to locationi or zero otherwise.

Other discrete variables are indicator variables. These
variables as the decision variables, can take only the value
zero or one. However, they usually indicate the state of
certain continuous variables. For example, suppose it is



necessary to know iff(x) ≤ 0, an indicator variableδ can
be used such thatf(x) ≤ 0 implies δ = 1.

Given a set of logical statements involving decision and
indicator variables, we would like to convert it into a set
of mixed integer linear constraints. Decision variables are
always associated with a statement. For example “f(x) ≤ 0”
or “the i-th task is scheduled in thej-th machine”. It is
common practice to represent statements with literalsXi that
have atruth value of either “T” (True) or “F” (False). Linear
equations involving decision variables can be used to obtain
logical relations among different statements. For example, if
the decision variableδ1 is associated with statementX1, and
δ2 to X2, then adding the constraint

δ1 + δ2 ≥ 0, (6)

is equivalent of having a logical OR between the statement
X1 andX2. A list of conversions of the most common logical
operators is provided below

X1 AND X2 is equivalent to δ1 = 1, δ2 = 1,
NOT(X1) is equivalent to δ1 = 0,
X1 → X2 is equivalent to δ1 − δ2 ≤ 0,
X1 ↔ X2 is equivalent to δ1 − δ2 = 0,
X1 ⊕ X2 is equivalent to δ1 + δ2 = 1.

(7)

These logical operators can be combined to model complex
logical statements.

An important tool in mixed integer linear programming is
the big M technique [40]. This technique allows mapping
of indicator variables into continuous variables. The basic
building block for this technique is the translation of the
implication

x > 0 → δ = 1, (8)

that meansx > 0 implies δ = 1. The implication in (8)
can be converted into the following mixed integer linear
constraint

x − Mδ ≤ 0, (9)

whereM is a large positive number. To verify the validity
of the constraint in (9), it is useful to rewrite the inequality
in the following way

x ≤ Mδ. (10)

In this second form it is easy to see that ifx > 0, the only
way to satisfy the constraint is by havingδ = 1. Note that,
if x ≤ 0 the constraint is satisfied for everyδ.

Let us consider the following implication

δ = 1 → x > 0. (11)

The implication in (11) must be slightly modified to be
converted into a mixed integer linear constraint. The modified
implication becomes

δ = 1 → x ≥ ǫ, (12)

where ǫ is the smallest number for whichx is considered
to be not zero (ǫ is usually the machine precision). The

implication in (12) is translated in the following constraint

x − ǫδ ≥ 0. (13)

It can be easily seen that ifδ = 1 the constraint in (13)
forcesx to be greater than or equal toǫ, while if δ = 0 no
constraint is forced onx. We assume that the linear problem
is in standard form; therefore, all continuous variables are
greater than or equal to zero.

It is useful to know how to translate the following type of
implications

δ = 1 →
∑

j

ajxj ≤ b. (14)

This implication can be converted into the following linear
constraint

∑

j

ajxj ≤ b + M(1 − δ), (15)

where, as before,M is an upper bound on the expression
∑

j ajxj − b.
Finally, consider the following nonlinear expression

y = δf(x), (16)

whereδ is a binary variable andf(x) is a linear function.
The expression is converted into linear constraints by

y ≤ Mδ, y ≥ mδ,

y ≤ f(x) − m(1 − δ), y ≥ f(x) − M(1 − δ),
(17)

whereM andm are respectively the upper and lower bounds
on the functionf(x). It can be verified that ifδ = 0 the first
two equations forcey to be zero, while the second two are
satisfied for every value ofy. If instead δ = 1, the first
two equations are satisfied for every value ofy, while the
combination of the second two forcesy to be equal tof(x).

IV. PROBLEM STATEMENT

We consider a network ofNR mobile robotic sensors, each
modeled as a point mass with damping factor, that is

ẍi = −biẋi + uxi,

ÿi = −biẏi + uyi,
(18)

wherexi, yi, uxi, uyi, andbi are thex-position,y-position,
acceleration on thex and y directions, and damping factor
of robot i, respectively. We assume(uxi, uyi) ∈ U and
(ẋi, ẏi) ∈ V are bounded convex subsets ofR

2.
Since in this paper MPC is used in discrete-time, the

discretized version of (18) becomes
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wherevx = ẋ andvy = ẏ, and∆T is the sampling time of



the system. In a more compact way, we have

X(k + 1) = AX(k) + B U(k), (19)

with the obvious meaning of the symbols. We assume robots
are able to communicate with a base station, and sense
position and velocity of other members of the team within
their sensing range.

Let T = {t1, . . . , tNT
} be a set of targets. Each target is

defined by coordinatesti = (xt
i, yt

i). Also, we consider that
there areNo prohibited zones in the environment where the
presence of robots is precluded. These areas are represented
by convex setsOi ⊂ R

2. Now we state the coordination
problem considered in this work.

Problem 4.1: Given a network ofNR robotic sensor de-
termine an optimal control algorithm that drives the network
to visit all the targets inT , while avoiding inter-vehicle
collisions and prohibited zonesO =

⋃No

i=1 Oi.

A. Obstacles

The robots move in an environment populated with obsta-
cles or unsafe zones described by convex linear sets that can
be represented by linear inequalities of the form

OX ≤ r, X =

(

x
y

)

, (20)

whereO is anR× 2 matrix, R is the number of linear con-
straints needed to define the obstacle, andr ∈ R

R. Although,
the use of this obstacle representation may seem restrictive,
it is possible to describe a wide range of situations. For
example, linear nonconvex obstacles can be modeled by
composing convex sets. Similarly, a nonlinear obstacle can
be approximated to a linear one as shown in Fig. 1.

Since a point mass robot is assumed, obstacles must be
enlarged to consider the actual dimensions of the robots.
Moreover, obstacles must also be enlarged due to discretiza-

1

2
3 1

2

3

Trajectory collision free in the discrete time but

with collision in the continuous time

After the enlargemen t the continuous

trajectory is collision free too

(a) (b) (c)

Fig. 1: Obstacle representations: (a) A convex linear obstacle
enlarged to consider the robot’s dimensions, (b) a nonconvex
linear obstacle obtained by composition of convex linear sets,
and (c) a nonconvex nonlinear obstacle represented using linear
approximation and composition of convex linear sets.

tion. Although, the MPC algorithm guarantees obstacle
avoidance at every sampling time, it would be possible
to have a trajectory that would end up in a collision in
continuous time. This is most likely to happen in the vicinity
of a corner of an obstacle as depicted in Fig. 1(a). The
enlargement depends on the maximum possible distanceDpp

between two points a robot can travel between samplings.

Dpp is function of the maximum velocity of the robotsVmax,
and of the sampling period∆T , that is Dpp = Vmax∆T .
Once an obstacle is enlarged, the following implication needs
to be true

∀ x1, x2 ∈ ∂Oe such that ||x1 − x2|| ≤ Dpp,

x = λx1 + (1 − λ)x2, λ ∈ [0, 1], x 6∈ O,
(21)

whereOe is a convex set describing the enlarged obstacle,
∂Oe is its boundary, andO is a convex set describing the
original obstacle.

A simple way to meet the above requirement is by
expanding the obstacle byDpp. However, we describe an
approach that minimizes the obstacle enlargement, a desired
feature from the motion planning point of view. Specifically,
given an obstacle described byOX ≤ r, for every cornerci

of the obstacle described by the two linear inequalities
{

acix + bciy ≤ cci , (lci

1 )
dcix + eciy ≤ f ci , (lci

2 )

construct the enlarged obstacle by

(i) finding the bisectorbci of the corner,
(ii) finding the linelci orthogonal tobci and passing by the

vertex of the corner,
(iii) finding the two pointsP ci

1 andP ci

2 on lci with distance
Dpp/2 from the vertex of the corner, and

(iv) finding the lineseci

1 andeci

2 respectively passing byP ci

1

andP ci

2 and parallel tolci

1 andlci

2 . eci

1 andeci

2 represent
the boundary of the enlargement.

D
pp

Dpp

D
p
p l1

l2

P1

P2

e1

e2

Fig. 2: Enlargement withDpp (in black), and enlargement following
the proposed construction (in red).

An example of the construction is shown in Fig. 2. To
motivate the choice of this construction, let us consider a90◦

angle and an enlargement obtained using lines parallel to the
original obstacle boundary, see Fig. 3. We need to guarantee
that given any two points on the border of the enlargement
such that the distance between the two points isDpp, the
segment connecting the two points does not intersect the
original obstacle. To this end, we show that the segment that
passes closer to the corner of an obstacle is the one which is



P1

P2

x
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y=1

x=1

y + µx = θ

Fig. 3: Example of obstacle expanssion.

orthogonal to the bisector. Given the enlargement in Fig. 3,
we characterize the familyy +µx = θ of lines that cross the
two linesx = 1 andy = 1 at the pointsP1 andP2 such that
the distance betweenP1 and P2 is Dpp = 1. The general
expressions forP1 andP2 are

P1 = (1, θ − µ) P2 =

(

θ − 1

µ
, 1

)

.

By adding the requirement that the distance between the two
points isDpp, we have

(

1 −
θ − 1

µ

)2

+ (θ − µ − 1)
2

= 1,

and solving forθ yields

θ(µ) =
ρ +

√

ρ2 − (1 + µ2)(ρ + µ + µ3 + µ4)

(1 + µ2)2
,

whereρ , 1 + µ + µ2 + µ3. The distance from the corner
of the obstacle(X0, Y0) = (0, 0) and the family of lines
y + µx = θ(µ) is given by

dist(µ) =
Y0 + µX0 + θ(µ)

√

1 + µ2
=

θ(µ)
√

1 + µ2

The minimum of the functiondist(µ) is obtained forµ = 1,
that is the line which is orthogonal to the bisector.

B. Sampling Time

Some considerations about the choice of the sampling
period ∆T are in order. In general, it is desirable to have
the shortest sampling period so that the discrete-time model
is as close as possible to the continuous one. Having a
short sampling period would improve the process of avoiding
obstacles and collisions. Since between two samples no
control action can be applied to recover from an unexpected
situation, the shorter the sampling period the better. On the
other hand, when an MPC algorithm is used, some other
factors need to be taken into account. First of all, to make
the optimization problem feasible, the control horizon must

be held long enough. Holding the same control horizon and
reducing the sampling period would produce more samples
in each optimization problem. Hence, more samples imply
more variables and in turn a more complex optimization
problem to be solved. Therefore, the sampling period can
be reduced as far as the resulting optimization problem can
still be solved in no more than∆T .

V. A CENTRALIZED STRATEGY

In this section, a centralized approach to formulate a
multirobot target assignment problem is presented. In this
case, the MPC algorithm includes all the constraints to
formulate a large single optimization problem. This strategy
is presented as a basic step toward developing a hierarchical
decentralized approach.

A. Open-loop Optimization Problem

The multirobot target assignment problem is summarized
as follows

min
T−1
∑

k=0

NR
∑

i=1

|ux
i (k)| + |uy

i (k)| (22)

subject to system dynamics, obstacle avoidance, collision
avoidance, and target assignment constraints.

Except for the linear discrete-time dynamics of the system

X(k+1) = AX(k)+B U(k), ∀k = 0, . . . , T−1, (23)

the other constraints and the cost in (22) have to be converted
into a mixed integer linear form.

B. Cost Function

The absolute value|·| can be expressed as the composition
of linear functions as follows. Let us define an auxiliary
variablezx

i given by

zx
i (k) ≥ ux

i (k),

zx
i (k) ≥ −ux

i (k).
(24)

The two inequalities in (24) model the absolute value ofux
i .

Therefore, the cost function in (22) can be rewritten as

min

T−1
∑

k=0

NR
∑

i=1

zx
i (k) + zy

i (k).

C. Obstacle Avoidance

As stated in the problem formulation, we consider obsta-
cles that can be written as

O

(

x
y

)

≤ r, (25)

whereO is aR× 2 matrix andr is aR× 1 vector.R is the
number of constraints necessary to define the obstacle.

Given an obstacle as the one shown in Fig. 4. The matrix
describing the obstacle is given by
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Fig. 4: Obstacle’s representation.

A binary auxiliary variableωk
pi is associated with each

constraint that defines the obstacle at every sampling time
k. ωk

pi = 1 when the constraint is satisfied by the position of
the robot(x(k), y(k)). All the points inside the obstacle are
characterized by having all theR constraints that define the
obstacle satisfied. In contrast, the points outside the obstacle
are characterized by having at least one of the constraints
violated. Consider roboti at the k-th sample time, it is
possible to write

op1xi(k) + op2yi(k) ≤ rp ⇒ ωk
pi = 1, (26a)

R
∑

p=1

ωk
pj ≤ R − 1. (26b)

Equation (26a) drives the binary auxiliary variableωk
pi to 1

if the p-th constraint that describes the obstacle is satisfied
by the position coordinates of roboti at time k. The robot
is inside the obstacle if all theR constraints that describe
the obstacle are satisfied. The constraint in (26b) imposes
that the coordinates of the robot violate at least one of the
constraints that describe the obstacle and ensures that the
robot stays outside the obstacle.

The implications in (26a) are translated into mixed integer
linear inequalities using the big M technique, thus

op1xi(k) + op2yi(k) − rp ≥ ǫ + (m − ǫ)ωk
pi. (27)

Note that the inequalities in (26b) are already in linear form.

D. Collision Avoidance

Collision avoidance could be seen as a special case of
obstacle avoidance. A robot sees other robots as moving
obstacles to be avoided. To implement collision avoidance
a safety zone around the robot is defined and the constraint
that no robot can enter the safety zone is added. Fig. 5 depicts
the safety zone around the robot.

If we select robotj, its safety zone, defined by a distance

X

Y

xj(k) xj(k)+sdxj(k)-sd

yj(k)-sd

yj(k)

yj(k)+sd

Fig. 5: Robot’s safety zone.

sd, is represented by the following set of inequalities

x ≥ xj(k) − sd, x ≤ xj(k) + sd,
y ≥ yj(k) − sd, y ≤ yj(k) + sd,

that could be written in a more compact matrix form

CA

(

x
y

)

≤ CA

(

xj(k)
yj(k)

)

+ sd, (28)

where

CA =









−1 0
1 0
0 −1
0 1









, sd =









sd

sd

sd

sd









.

As for obstacle avoidance, an auxiliary binary variableτp
ij(k)

is introduced for each inequality that defines the safety zone.
τp
ij(k) = 1 if the inequality is satisfied. Collision avoidance is

obtained by enforcing that the sum of the auxiliary variables
τp
ij(k) is less than 3 (i.e., number of constraints that define the

safety zone minus one). More formally, collision avoidance
is modeled with the implication

CA

(

xi(k) − xj(k)
yi(k) − yj(k)

)

≤ sd ⇒ τp
ij(k) = 1,

4
∑

p=1

τp
ij(k) ≤ 3,

(29)

where (xi(k), yi(k)) and (xj(k), yj(k)) are the position of
robot i andj at timek. τp

ij = 1 if the p-th inequality in the
first equation in (29) is satisfied. The implications in (29)
are converted into MILP as obstacle avoidance. Note that
imposing these constraints is equivalent to requesting that
the distance between two robots is at leastsd in the x and
y coordinates.

E. Target Assignment

The multirobot target assignment problem addressed in
this work consists of assigning one robot to one of the
possible targets. The auxiliary variableγij = 1 if robot i is
assigned to targetj. Clearly, every robot has to be assigned



to one target, and each target needs to be assigned to one
robot. From these two observations, we have

NR
∑

j=1

γjℓ = 1, ∀ ℓ = 1, . . . , NT , (30)

NT
∑

ℓ=1

γjℓ = 1, ∀ j = 1, . . . , NR, (31)

whereNR andNT are the number of robots and the number
of targets, respectively. Therefore, the target assignment
implication can be written as

γjℓ = 1 ⇒ Xj(T ) − Xt
ℓ = 0, (32)

whereXj(T ) are the coordinates of robotj at the end of the
control horizonT , and Xt

ℓ are the coordinates of targetℓ.
The conversion of the implication in (32) into MILP form is
not straightforward. First, the implication is expressed into
its x andy components, thus

γjℓ = 1 ⇒ xj(T ) − xt
ℓ = 0,

γjℓ = 1 ⇒ yj(T ) − yt
ℓ = 0.

(33)

Next, to transform the two implications in (33), more auxil-
iary variables are needed because the big M technique cannot
be applied to implications having equality constraints. The
two implications for thex component are

γjℓ = 1 ⇒ xj(T ) − xt
ℓ ≥ 0,

γjℓ = 1 ⇒ xj(T ) − xt
ℓ ≤ 0.

(34)

A similar set of implications are written fory. At this point,
all the implications can be translated into MILP form using
the big M technique. The resulting set of inequalities are
given by

xj(T ) − xt
ℓ ≥ m(1 − γjℓ), xj(T ) − xt

ℓ ≤ M(1 − γjℓ),

and

yj(T ) − yt
ℓ ≥ m(1 − γjℓ), yj(T ) − yt

ℓ ≤ M(1 − γjℓ).

F. Global Optimization Problem

By collecting all the constraints, the optimization problem
to be solved becomes

min

T−1
∑

k=0

NR
∑

i=1

zx
i (k) + zy

i (k),

subject to the dynamic equation of the system

Xi(k + 1) = Ai Xi(k) + Bi Ui(k),

∀ k = 0, . . . , T − 1, i = 1, . . . , NR,

the equations that definezx|y
i

z
x|y
i (k) ≥ u

x|y
i (k)

z
x|y
i (k) ≥ −u

x|y
i (k), k = 0, . . . , T − 1; i = 1, . . . , NR,

the obstacle avoidance constraints

op1xi(k) + op2yi(k) − rp ≥ ǫ + (m − ǫ)ωk
pi,

R
∑

p=1

ωk
pi ≤ R − 1 ∀k = 0, . . . , T − 1; i = 1, . . . , NR,

the collision avoidance constraints

cap1(xi(k) − xj(k)) + cap2(yi(k) − yj(k)),

−sd ≥ ǫ + (m − ǫ)τk
pij ,

4
∑

p=1

τk
pij ≤ 3,

∀ k = 0, . . . , T − 1, i = 1, . . . , NR, j = i + 1, . . . , NR,

the target assignment constraints

NR
∑

j=1

γjℓ = 1, ∀ ℓ = 1, . . . , NT ,

NT
∑

ℓ=1

γjℓ = 1, ∀ j = 1, . . . , NR,

xi(T ) − xt
ℓ ≥ m(1 − γjℓ), xi(T ) − xt

ℓ ≤ M(1 − γjℓ),

yi(T ) − yt
ℓ ≥ m(1 − γjℓ), yi(T ) − yt

ℓ ≤ M(1 − γjℓ),

∀ i = 1, . . . , NR; ℓ = 1, . . . , NT ,

and, the bounds on the input and robot’s velocity

u
x|y
i (k) ≤ Umax, v

x|y
i (k) ≤ Vmax, ∀ i = 1, . . . , NR.

This optimization problem requires4NRT continuous
variables to describe the state of each robot during the
entire control horizonT , 2NRT variables for the con-
trol input applied to each robot,2NRT auxiliary variables
z

x|y
i , NRT

∑NO

i+1 Ri binary variables for obstacle avoidance,
4T

∑NR

i=1 i binary variables for collision avoidance, and
NRNT variables for target assignment. Additionally, from
the point of view of the number of constraints present in the
problem, the dynamic equations require4NRT , the definition
of z

x|y
i needs2NRT constraints, obstacle avoidance requires

NRT
∑NO

i+1(Ri + 1), collision avoidance brings5T
∑NR

i=1 i
constraints, target assignment gives4NRT + NR + NT

constraints, and finally the bounds on the input and velocity
require4NRT constraints.

This analysis of the global centralized algorithm should
give an idea of the dimensionality of the optimization
problem. Even for a small team and simple environment
(few obstacles), the number of variables and constraints can
total in the thousands, making the optimization problem
computationally intractable. The need of scalable and more
efficient approaches to solve optimization problems involving
cooperative robots, motivates the strategies described inthe
next section.

VI. A H IERARCHICAL AND DECENTRALIZED STRATEGY

When a problem is large and complex to be solved in a
single optimization stage, a common practice is to replace
the original problem with smaller subproblems. Examples of



hierarchical decision making are everywhere. For instance,
in a manufacturing plant the higher-level planner takes
decisions based on the market’s demand about which part
to produce and its quantity. Then, a command is sent to a
lower-level controller that organizes the machines to meet
the required production output. An agent at the lower-level
does not need to know the overall strategy or plan for all
the other agents to accomplish a task. It probably needs to
know only what its neighbors are doing (e.g., if a machine
in a supply chain is going to increase the production rate, it
will need to verify that the previous one can follow the new
production rate).

In our hierarchical formulation shown in Fig. 6, a higher-
level planner makes decisions related to the whole team
such as target assignment and formation keeping. On the
other hand, the lower-level controller which is local to
each agent handles obstacle and collision avoidance. Instead
of planning an off-line trajectory, the higher-level planner
periodically reformulates and solves an optimization problem
(i.e., MPC) to compensate for uncertainty or new information
available in the environment. Furthermore, the lower-level
controller is decentralized in the sense that every robot
solves its own optimization problem to find a safe trajectory.
The local optimization problem considers only the robot’s
closest obstacles and teammates. We assume that each robot
has a limited sensing range. Therefore, only obstacles and
neighbors within a robot’s sensing range are considered in
the optimization, see Fig. 7. Consequently, the solution is
necessarily suboptimal.

(a) (b) (c)

X , C

X h, Ch

X h, Ch

X l, Cl X l
1, C

l
1 X l

2, C
l
2 X l

N , Cl
N

Fig. 6: From a large problem (a) to the hierarchical formulation (b)
to the hierarchical/decentralized one (c). Note that full arrows rep-
resent communication links, while dotted arrows representsensing
links.

The next sections discuss some heuristics for improving
the performance of the hierarchical/decentralized strategy.
Roughly speaking, the higher-level planner solves an open-
loop optimization problem to find the best global robot/target
assignment. The task of the lower-level controller is to drive
a robot to the assigned target while avoiding collisions with
obstacles and neighbors.

A. Higher-level Optimization Problem

The higher-level MPC algorithm is in charge of finding the
best robot/target assignment based on the current state of the
team. The position of the assigned targetj is communicated
to robot i. Specifically, the higher-level MPC solves the

C omplete

knowledge

case

Limited

sensing

range
Target

Obstacle

Fig. 7: The difference in the trajectories in the case of complete
knowledge and partial knowledge is one of the reasons the solution
found with the decentralized method is worse than the one found
with the global optimization.

following open-loop optimization problem

min

NR
∑

i=1

NT
∑

j=1

cijτij , (36a)

subject to

NR
∑

i=1

γij = 1, ∀ j = 1, . . . , NT , (36b)

NT
∑

j=1

γij = 1, ∀ i = 1, . . . , NR, (36c)

where cij is the distance between roboti and targetj.
The variableγij is a binary variable that is one if robot
i is assigned to targetj or zero otherwise. This assignment
problem can be formulated as a linear program that can be
efficiently solved by standard methods.

B. Lower-level Optimization Problem

The lower-level optimization problem computes the con-
trol inputs that drive a robot to its assigned target while
avoiding collisions. The optimization problem for roboti
is given by

PL
i = min

T−1
∑

k=0

zx
i (k) + zy

i (k), (37)

subject to the equations that definez
x|y
i (k)

z
x|y
i (k) ≥ u

x|y
i (k),

z
x|y
i (k) ≥ −u

x|y
i (k), ∀ k = 0, . . . , T − 1,

(38)

the dynamic equations of a robot

Xi(k + 1) = AiXi(k) + BiUi(k),

Xi(k) =









xi(k)
yi(k)
vx

i (k)
vy

i (k)









, Ui(k) =

[

ux
i (k)

uy
i (k)

]

, ∀ k = 0, . . . , T − 1,

(39)



the constraints for obstacle avoidance

op1xi(k) + op2yi(k) − rp ≥ ǫ + (m − ǫ)ωk
pi,

R
∑

p=1

ωk
pi ≤ R − 1 ∀k = 0, . . . , T − 1,

(40)

the constraints for inter-robot collision avoidance

cap1(xi(k) − x̂j(k)) + cap2(yi(k) − ŷj(k))

− sd ≥ ǫ + (m − ǫ)τk
pij ,

4
∑

p=1

τk
pij ≤ 3 ∀ k = 0, . . . , T − 1; j = 1, . . . , NN ,

(41)

where NN is the number of neighbors, the terminal set
constraints

xi(T ) = xT
j , yi(T ) = yT

j , (42)

and, the bounds on inputs and robot’s velocities

u
x|y
i (k) ≤ Umax, v

x|y
i (k) ≤ Vmax, ∀ k = 1, . . . , T. (43)

Note that the constraints in (40) cannot be written in the
same way as for the global optimization case. In the global
formulation, the variablesxj(k) and yj(k) are part of the
optimization problem. However, these variables are unknown
for the hierarchical/decentralized algorithm. Therefore, a
robot should be able to estimate the position of its neighbors
(x̂j(k), ŷj(k)) by communication or sensing. We use the
latter, since synchronous communications would require a
complex network structure. We assume that each robot has
the ability to sense the position and velocity of its neighbors
(e.g., using an omnidirectional camera [12]). The estimated
positions are given by

x̂j(k) = xj(0) + kvxj(0),

ŷj(k) = yj(0) + kvyj(0).

Since most likely robotj would change its velocity to ensure
a collision free solution, all the reachable points of robot
j will be made unaccessible to roboti. This strategy is
equivalent to enlarging the safety zone around robotj by
sd = Vmax∆T L where ∆T L is the lower-level sampling
time. Although conservative, this approach is necessary to
ensure collision avoidance.

The variables and constraints needed in the problem are:
2T continuous variables and4T constraints for the definition
of z

x|y
i (k) (38), 6T continuous variables and4T constraints

for the dynamic equations (39),
∑No

i RiT binary variables
and

∑No

i (Ri+1)T constraints due to the obstacle avoidance
(40) whereNo is the number of obstacles, and4TNN binary
variables and5TNN constraints for the collision avoidance
(41). As it can be seen, the dimension of the hierarchi-
cal/decentralized problem is much smaller than the global
one. Moreover, the number of binary variables depends on
the number of obstacles consideredNo, and the number of
neighborsNN . The next section describes some heuristic to
further reduce the dimensionality of the problem.

C. Heuristics for the Lower-level Optimization

The optimization problemPL
i is defined through the set

of variablesXL
i and the set of constraintsCL

i . The main
objective is to reduce the cardinality of these two sets as
much as possible which in turn reduces the computation time
required to solve the problem. Also, it is desirable to keep
the solution collision free and as close as possible to the
global optimum.

Among all the variables and constraints in the problem,
there is a subset of variablesXn

i ⊂ XL
i and constraints

Cn
i ⊂ CL

i which are required. These variables and constraints
correspond to the definition ofzx|y

i (k) (38), the dynamic
equations of robots (39), and the bounds on state variables
and inputs (43).

Let us denote the set of variables and constraints needed to
include an obstacleOt respectively byX o

t andCo
t . Similarly,

the variables and constraints for including robotj areX r
j and

Cr
j . One way to build the two setsXL

i andCL
i is by including

all the obstacles and robots in the network. This means the
two sets are given by

XL
i = Xn

i

No
⋃

t=1

X o
t

NR
⋃

j=1

X r
j ,

CL
i = Cn

i

No
⋃

t=1

Co
t

NR
⋃

j=1

Cr
j .

To define the above sets complete knowledge of the environ-
ment and state of the robotic network is required. Although
the solution of this optimization problem would be close
to the global optimum, it has several drawbacks. Since the
two setsXL

i and CL
i are the largest possible variable and

constraint sets, computing a solution to the problem would
require a long period of time. Moreover, complete knowledge
of the environment and position and velocity of all the
members in the team might not be possible.

An alternative approach is to include in the setsXL
i and

CL
i only the robots and obstacles that can be sensed as shown

in Fig 8(a). Following this idea the variables and constraints

Sensing zone

Robot

(a)

Dangerous

obstacle
Sensing zone

Dangerous

teammate

(b)

Fig. 8: (a) A robot cansee only the obstacles and neighbors inside
its sensing zone. Everything outside this zone is unknown. (b) For
the green robot only the red obstacle and robot represent threats.

of an obstacleOt are included if

X o
t ∈ XL

i , Co
t ∈ CL

i ⇔ min
(x,y)∈Ot

d([xi(k), yi(k)], [x, y]) ≤ ds.



Also, the variables and constraints of collision avoidance
with robot j are included if

X r
j ∈ XL

i , Cr
j ∈ CL

i ⇔ d([xi(k), yi(k)], [xj(k), yj(k)]) ≤ ds.

An assumption on the sensing rangeds is in order. To
guarantee the existence of a collision free trajectory, the
sensing range must be large enough to allow a robot to stop
before hitting the obstacles when moving at maximum speed.
This means that in the timets required for the robot to stop
while moving at its maximum velocity

Vmax − tsUmax = 0,

ts =
Vmax

Umax
,

the distance coveredx should be less thands, thus

x = Vmaxts − Umax
t2s
2

≤ ds,

x =
1

2

V 2
max

Umax
≤ ds.

Using this heuristic, the number of obstacles and neighbors
considered in each lower-level optimization problem are
clearly reduced. Since the neglected obstacles and teammates
are far from the robot’s actual position, there is no risk of
collision. The result obtained with these heuristics can be
further improved. Although obstacles or teammates are in
the sensing range of roboti, they may not represent a risk.
Let us consider, for example, robotj in the roboti sensing
zone. Ifj is behindi and moving in the opposite direction,j
is not a threat fori. Moreover, if an obstacle is in the sensing
range but it is behind roboti, with i moving away from the
obstacle, then there is no need to include the obstacle in the
optimization problem. See Fig. 8(b).

Considering the actual velocity and the bound on the
acceleration, it is possible to build the reachability coneas
depicted in Fig. 9. This cone can be used to estimate the
position of a robot in the next sampling time. The idea is
to use this cone to decide which robot and which obstacle
are effectively dangerous and need to be included in the
optimization problem.

Given the velocity of roboti at the k-th sampling time
(Vx(k), Vy(k)), the maximum variation possible in a sam-
pling time is±Umax∆T for each component. The following
four vectors can be obtained

v1 =

(

Vx + Umax∆T
Vy + Umax∆T

)

, v2 =

(

Vx + Umax∆T
Vy − Umax∆T

)

,

v3 =

(

Vx − Umax∆T
Vy + Umax∆T

)

, v4 =

(

Vx − Umax∆T
Vy − Umax∆T

)

.

Among these, two of themvi andvj can be obtained as cone
combination of the other twovk andvp. The latter two are
taken to generate the cone that will be used as estimation
of the future position of the robot. Specifically, the cone is
defined by

Ci = {(x, y) ∈ R
2 : (x, y) = λkvk + λpvp, λk, λp ≥ 0}.

Once the coneC is obtained, the intersection between the

Fig. 9: Among the obstacles and neighbors sensed by the red robot
only a subset has non empty intersection with its cone. Note that
the red dots are the closest points of the intersections.

cone and an obstacleOt can be written as

Io = Ot

⋂

Ci.

If the intersection is empty, the obstacle is not on the way and
can be omitted. If the intersection is not empty, the obstacle
is included, provided that the distance between the closest
intersection point and the position of roboti is less than a
thresholdσ, that is

Co
t ∈ CL

i , and X o
t ∈ XL

i ,

m

Io 6= ∅
∧

min
(x,y)∈Io

d([xi(k), yi(k)], [x, y]) ≤ σ.

Now, to decide if robotj must be included in the opti-
mization problem of roboti, the intersectionIr between the
coneCi andCj is computed

Ir = Ci

⋂

Cj .

In case the intersection is empty, robotj is not on the way
and can be omitted. However, if the intersection is not empty,
robot j is included, provided that the distance between the
closest intersection point and the position of roboti is less
thanσ. Summarizing, we have

Cr
j ∈ CL

i , and X r
j ∈ XL

i ,

m

Ir 6= ∅
∧

min
(x,y)∈Ir

d([xi(k), yi(k)], [x, y]) ≤ σ.

D. More Targets than Agents

Let us assume we have a limited number of agents to cover
a large number of targets. This problem can be easily solved
by adding few modifications to the previous formulation. In
this case, it is not possible to have a one to one mapping
agent-target. Therefore, every agent may have to visit more
than one target. A scheduling problem must be solved to find
which targets each agent must visit, and in which order. It
is well known that scheduling is an NP-hard problem. Thus,
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Fig. 10: Average time required to solve one optimization problem
as a function of the number of obstacles and agents in a semi-
logarithmic scale.

to avoid computational problems, a sub-optimal algorithm
can be used instead. The sub-optimal algorithm will solve
an assignment problem over the setT . Once a targetti is
reached, it is removed from the original set of targetsT . In
this way the setT is reduced every time a target is reached,
until its cardinality decreases to the number of agents. To
address the problem as described, the equations used for
the target assignment must be modified. In particular, the
constraint that at each target must be assigned an agent,
should changed. In fact, since at the beginning the number
of targets is greater than the number of agents, the initial
assignment will have some of the targets not covered by any
agent. For that reason, equation (36b) needs to be substituted
with

NR
∑

i=1

γij ≤ 1, ∀ j = 1, . . . , NT , (44)

such that the ’≤’ instead of ’=’ will permit some targets
having no agent assigned to them.

The reader is referred to our previous work in [17] for
more examples of modeling of different scenarios using the
MPC/MILP framework.

VII. A NALYSIS OF RESULTS

The global and hierarchical/decentralized algorithms are
coded in Matlab. To solve the MILP problem the com-

mercial solver CPLEX [1] is used. CPLEX functions are
called from Matlab through an interface described in [3]. To
compare the global version and the hierarchical/decentralized
approach some simulations are presented. In particular, we
consider scenarios with one to three obstacles and with
two to six agents. The average time required to solve a
single optimization problem is reported in Fig. 10. Com-
paring the scenario with six robots and three obstacles, the
centralized algorithm requires 1433 s while the hierarchi-
cal/decentralized algorithm takes only 0.036 s. As it can
be seen the computation time is drastically reduced in the
hierarchical/decentralized case. However, such an improve-
ment in the computation time comes with a deterioration
of the solution. Fig. 11 gives a comparison between the
costs of the global and hierarchical/decentralized solutions.
As expected, the centralized algorithm is consistently better
than the hierarchical/decentralized one. The cost of the
hierarchical/decentralized solution is about 2.2-2.5 times the
cost of the centralized solution.
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Fig. 11: Comparison between the cost of the global solution and
the cost of the hierarchical/decentralized solution.

Fig. 12 depicts a simulation of six robots moving toward
six targets in an environment with several obstacles of differ-
ent shapes. The original planned trajectory (i.e., straight line)
of the robots changes when obstacles are detected. A more
realistic situation is shown in Fig. 13. In this example, three
agents are moving in an urban environment (OSU campus)
with the purpose of visiting six view points. Velocities and
accelerations, and inter-robot distances are shown in Fig.14
and Fig. 15, respectively.

Finally, to verify the scalability of the hierarchi-
cal/decentralized approach, a target assignment involving 100
robots is illustrated in Fig. 16.

VIII. C ONCLUSIONS

In this paper we present a hierarchical/decentralized strat-
egy for coordinating robot networks. The algorithm is based
on an MPC control loop using MILP optimization tech-
niques. Although, MILP provides flexibility to model cooper-
ative tasks and environments, its drawback lies in its NP-hard
nature. The developed hierarchical, decentralized structure
allows to replace a large computationally intractable problem
into smaller problems that can be solved in a reasonable
amount of time. To improve the efficiency of the algorithm
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Fig. 12: Six robots going to six targets while avoiding obstacles.
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Fig. 13: Three agents visiting view points in a urban environment.

some heuristics are also presented. These heuristics allow
us to drastically reduce the number of constraints and binary
variables in the optimization problem. Finally, several scenar-
ios are simulated to showcase the flexibility and scalability
of the method.
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