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Abstract — Based on the idea of Yeung-Wong-Chen’s
graphic-based non-trial-and-error method for three-parameter
lag-lead compensator design and Wang’s recent result on the
exact and unique solution for single lag and lead compensator
design, a new non-trial-and-error procedure is developed. The
new approach is analytical and can be carried out by computer
programs without manual graphical manipulations, thus
provides the basis for more sophisticated design and
performance analysis. Results obtained in this paper can be used
to simplify and enhance current teaching and industrial
practices for lag-lead compensator design in control and
communication systems.

Index Terms — Lag-lead compensator, compensator design,
control systems, trial-and-error method, analytic solution.

I. INTRODUCTION

UE to its simplicity and effectiveness, phase lag and lead
compensation is essential for various frequency-based

design methods, especially for design based on the Bode plots
[1-20]. However, the nature of traditional trial-and-error
graphical techniques currently used by almost all available
textbooks [11-21] makes the learning and use of lag-lead
compensation still a time consuming process. From 1970s to
1980s, various efforts have been made to develop analytical
or computer-aided design procedures for lag and lead
compensation [1-4] with limited success. Since 1995, Yeung
et al [5-7] have made significant progress along this direction
by constructing a universal design chart for
non-trial-and-error design of lag-lead compensators. More
recently, Calleja has proposed computer-based GUI tools to
solve the problem of amplifier frequency compensation for
input lag [8] and Wang [9-10] has obtained the exact and
unique solution for single stage phase lag and lead
compensation that can be used to construct pure analytical or
non-trial-and-error computer programs to solve the lag-lead
compensation problem.

In this paper, based on the idea of Yeung-Wong-Chen’s
graphic-based non-trial-and-error method for special lag-lead
compensator design and Wang’s recent result on single stage
phase-lag and phase-lead compensation, a new and analytical
non-trial-and-error approach is constructed for a special class
of three-parameter lag-lead compensators. The results
presented here is only part of our systematic effort to
reformulate and reconstruct design procedures for frequency
domain design methods. Later, we will deal with issues in
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general phase lag and lead compensation and corresponding
sensitivity analysis for both specification parameters and
solution procedures.

II. LAG-LEAD COMPENSATORS

Consider a lag-lead compensator in the form [4, 11-20]
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where 0, 0, 0, 0.       and 1.

From Eq. (1), it is obvious that if  , , ,  is a valid

solution for the lag-lead compensation, then  , , , ,

 , , / , /  and  , , / , /  are also
valid solutions, therefore, the solution for any design
specification is not unique; this is discussed further in
Sections III and IV.

Substitute s with j in Eq. (1), we have,
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As usual, cK is determined from the steady-state accuracy
specification using the final value theorem for Laplace
transforms [4, 11-20]. To determine other three parameters,
consider the specified gain of compensator at a given
frequency :

   ,c cG j c G j p    (4)

where c and p are the required gain  in dB and phase

 in ,rad respectively. From Eq. (2), the specified gain leads
to the following equations,
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Using similar transformations and solution procedures
developed in our previous work [9], we find that (the detailed
derivation is given in the Appendix at the end of paper),
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where tan .p

Clearly, a lag-lead design is feasible only if one of the
following two conditions holds:

1) 21, 1 1;c c    In this case, we find,
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2) 21, 1 ;c c    In this case, we find,

 22 21 1 1;

0 if 0, 0 if 0.
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Based on Eqs (1-6) and conditions 1) and 2), we are already

to discuss the new analytical non-trial-and-error design
method for lag-lead compensators.

III. BASIC PERFORMANCE SPECIFICATIONS

Fig.1 shows a compensation system, where plant and
compensator are represented by  andp cG s G s .

Fig. 1: A Typical Feedforward Compensation System

For a desired gain margin GM at a phase crossover
frequency , we have,

        , 180c p c pdB
G j G j GM G j G j      

where  1020log ,
dB

   or in terms of compensator only,
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Similarly, for a desired phase margin PM at a gain
crossover frequency , we have,
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or in terms of the compensator only,
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Now, let’s first consider the following dual basic
performance specifications for compensator design,

B1) Design a lag-lead compensator for the specified gain
margin GM at phase crossover frequency 1, and
the specified gain crossover frequency 2 ;

B2) Design a lag-lead compensator for the specified
phase crossover frequency 1, and the specified
phase margin PM at gain crossover frequency 2 .

Note that in B1), no phase margin is specified, while in B2)
no gain margin is specified.

The design procedure for specification B1) can be
established as follows,

Procedure B1:

B1-1) Calculate 1 1 2, , and ;c p c
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and

 2 2 180 ,pp PM G j   

is unknown since PM is not specified here. Define,
     tan , , , , ;i i i i i i i ip c c    

B1-2) Find 2; From Eq. (3), since is independent of
frequency, we must have 1 2, which leads to,

  2
2 2 21 / 1c c   (10)

Clearly, a solution is possible only when
   2min 1, max 1,c  

B1-3) Calculate 1 2, ,  using Eq. (6);
B1-4) Find  , , ,   using Eq. (3);

Since
1 2,Q Q    
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and

31, Q    
where

 3 2Q Q     (12)
It follows that,
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3 3 1 3 3 14 / 2 , 4 / 2Q Q Q Q Q Q       (14)

Note that there are four possible combinations for
each value of 2, but they actually represent the
same compensator, as we have discussed in the
previous section.

B1-5) Verify the condition for positive coefficients:
0, 0, 0, 0      

The design procedure for specification B2) is almost
identical to that of B1), that is,
Procedure B2:
B2-1) Calculate 1 2 2, , and ;p p c
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and 1c is unknown since GM is not specified here.
B2-2) Find 1;c From Eq. (3), since 1 2 , thus,
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Clearly, a solution is possible only when

   22
1 1 / 4   

B2-3) to B2-5) is same as B1-3) to B1-5).

To illustrate both design procedures, we consider the same
example for the lag-lead compensation by Yeung et al in [4],
where plant is given as    100 / 5 10 ,pG s s s s     and
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Fig. 2 shows its Bode plots without compensation. For the
steady state error, the specification is given in terms of the
required static velocity error constant 100 / sec.vK  Based
on this condition, it is easy to find cK as,

 
0

lim 2 100,v c p c
s

K sG s G s K


  

Therefore, 50.cK 

Fig. 2: Bode Plots for Uncompensated Plant

Design Example for Specification B1)
In this case, the design problem is given as: find a lag-lead

compensator for the specified gain margin 12GM dB at
phase crossover frequency 1 18.3 ,rad  and the specified
gain crossover frequency 2 8.5 .rad 

Step 1): It is easy to find that from Eq. (9),
1 1 20.3637, 1.0379, 0.2200;c c  

Step 2): 2 is found by Eq. (10) as,

2 0.7019 
Step 3): 1, 2 ,  is calculated from Eq. (6),

1 22.8545, 6.4865, 0.1606    
Step 4): Find all solutions using Eqs. (13-14),

For 2 0.7019,  the four solutions are,

 , , ,  

10.7694 0.0195 0.1488 6.7225
10.7694 0.0195 0.0121 82.3427
0.0195 10.7694 82.3427 0.0121
0.0195 10.7694 6.7225 0.1488

 
 
 
 
  
For 2 0.7019,  the four solutions are,

 , , ,  

0.2580 0.0332 0.0906 0.3470 0.7047 2.6979
0.2580 0.0332 0.0906 0.3470 0.7047 2.6979
0.0332 0.2580 0.7047 2.6979 0.0906 0.3470
0.0332 0.2580 0.7047 2.6979 0.0906 0.3470
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Step 5): Verify the solution; clearly, only the first four

solutions corresponding to 2 0.7019 are valid. Actually,
as discussed previously in Section 2, all four solutions
represent a single compensator. Therefore, the final unique
solution for this design example is,

   
  

2

2

0.6242 7.6460 8.2702 4.7727
0.0929 51.4004 51.4932 4.7727c

s s s s
G s

s s s s

   
 

   
The corresponding phase margin is 25.1645 . The Bode

plots for the compensated system is given in Fig. 3.

Fig. 3: Bode Plots for Compensated Plant in Specification B1)

Design Example for Specification B2)
In this case, the design problem is given as: find a lag-lead

compensator for the specified gain margin 25PM  at gain
crossover frequency 2 8.5 ,rad  and the specified phase
crossover frequency 1 18.3 .rad 

Step 1): It is easy to find that from Eq. (15),
1 2 21.0379, 0.2200, 0.6976c   

Step 2): 1c is found by Eq. (16) as,

1 10.4367 or 0.3690c c 
Step 3): 1, 2 ,  is calculated from Eq. (6),

1 1 22.2165 or 2.8001, 6.5103, 0.1611      
Step 4): Find all solutions using Eqs. (13-14),

For 1 0.4367,c  the four solutions are invalid,
1.6221 0.0269 0.0819 0.0993 4.9378 - 5.9926
1.6221 0.0269 0.0819 - 0.0993 4.9378 5.9926

0.02690 1.6221 4.9378 5.9926 0.0819 - 0.0993
0.02690 1.6221 4.9378 - 5.9926 0.0819 0.0993
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For 1 0.3690,c  the four solutions are valid,
7.4959 0.0200 0.1429 6.9973
7.4959 0.0200 0.0186 53.6557
0.0200 7.4959 6.9973 0.1429
0.0200 7.4959 53.6557 0.0186

 
 
 
 
 

Step 5): Verify the solutions; clearly, only the second four
solutions corresponding to 1 0.3690c  are valid and
represent a single compensator,

   
  

2

2

0.9335 7.1580 8.0915 6.6819
0.1334 50.2200 50.2200 6.6819c

s s s sG s
s s s s

    
   

The gain margin from this compensator is 11.8753 ,dB
very close to 12 dB in the previous design example.
Therefore, the result for this design problem is also close to
that of the previous design example, as expected.

IV. CLASSIC PERFORMANCE SPECIFICATIONS

The basic design performance specifications discussed in
the last section are different from the classic performance
specifications used in most of control textbooks [11-20],
which can stated as followings,

C1) Design a lag-lead compensator for the specified gain
margin GM at phase crossover frequency 1, and
the specified phase margin ;PM
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C2) Design a lag-lead compensator for the specified gain
margin ,GM and the specified phase margin PM at
gain crossover frequency 2.

In C1), 2 is not specified, so neither 2 2norc  can be
calculated, and in C2 ) 1is not specified, so neither 1c nor

1can be calculated. In both cases, no pure analytic solution
as in B1) or B2) is available. However, a simple search
procedure can be implemented analytically to find the
solution within a specified range of gain crossover frequency
or phase crossover frequency.

For a given range 2min, 2max    of gain crossover

frequency, the design procedure for specification C1) can be
stated as following.

Procedure C1:
C1-1) Calculate 1 1, and ;c 

   
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p
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C1-2) Search for 2 ; for any 2 in 2min 2max, ,   
calculated 2c using Eq. (9) and 2 using Eq. (10), and
then find the corresponding phase margin as,

     2 2 2 2180 pPM G j p    

Search 2 that minimizes the error in the phase margin,

 
2 min 2 2 max

2 2arg min PM PM
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 
 

   
 

The search process can be carried out using the standard
Matlab function Fmin.

C1-3) to C1-5) is the same as B1-3) to B1-5).

Similarly, for a given range 1min 1max, ,    the design
procedure for specification C2) can be stated as,

Procedure C2:
C2-1) Calculate 2 2, and ;c 

 
 2 2 2

2

1
, 180p

c p

c p PM G j
K G j



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C2-2) Search for 1; for any 1 in 1min 1max, ,   
calculated 1 using Eq. (15) and 1c using Eq. (16), and
then find the corresponding gain margin as,

 
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1 / 20

1
1

10 c

c p

GM
K G j








Search 1 that minimizes the error in the gain margin

 
1min 1 1max

1 1arg min GM GM
  

 
 

   
 

The search process can be carried out using Fmin.
C2-3) to C2-5) is same as C1-3) to C1-5).

To illustrate both design procedure, we consider the same
design example as in the previous section.

Design Example for Specification C1)
In this case, the design problem is given as: find a lag-lead

compensator for the specified gain margin

11.6127GM dB at phase crossover frequency

1 20.65 ,rad and the specified phase margin
41.7646 .PM  

Step 1): It is easy to find that from Eq. (9),
1 10.5288, 1.2152;c  

Step 2): Search in the range of   25,10 / ,rad s  is found as,

1 9.500,  and corresponding 2 0.2813,c  2 1.5688. 

Step 3): 1, 2 ,  is calculated from Eq. (6),

1 21.6262, 3.5776, 0.0849;   
Step 4) and Step 5): the desired compensator is found to be,

   , , , 24.5389 0.0299 0.0668 14.9793 ;  

and the corresponding transfer function is,

   
  

2

2

0.6104 2.2320 2.8424 1.3625
0.0408 33.4338 33.4745 1.3625c

s s s s
G s

s s s s

   
 

   
Fig. 4 presents the Bode plot for the compensated system,

and Fig. 5 shows phase margin as a function of frequency for
the given range of gain crossover frequency 2. Clearly,
there are two frequencies that meet the phase margin
requirement, one is 5.80, and the other is 9.50, which has been
found by our procedure. Obviously, we can modify step C1-2)
to find all admissible gain crossover frequencies and the
corresponding compensators, if they are valid.

Fig. 4: Bode Plots for Compensated Plant in Specification C1)

Fig. 5: Phase Margin as a Function of Frequency for Specification C1)

Design Example for Specification C2)
In this case, the design problem is given as: find a lag-lead

compensator for the specified gain margin 12GM dB and
phase margin 42PM  at a gain crossover frequency

2 9 .rad  Note that this example is identical to the design
problem discussed by Yeung et al in [4].
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Step 1): It is easy to find that from Eq. (15),
2 20.2493, 1.4246;c  

Step 2): Search in the range of   115,24 / ,rad s  is found
as, 1 20.6700,  and the corresponding 1 0.5092,c 

1 1.2167.
Step 3): 1, 2 ,  is calculated from Eq. (6),

1 21.7204, 4.1984, 0.0946     (17)
Step 4) and Step 5): the desired compensator is found to be,

 
 

, , ,

0.0286 6.0116 9.9783 10.5024 0.0475 0.0500 ;j j

   

 
(18)

Clearly, this is not a valid lag-lead compensator, however
the corresponding combined transfer function is,


2

2
3.3197 5.8072

35.0767 5.8072c
s sG s

s s
 
 

(19)

which is a valid controller for feedforward compensation (but
not a lag-lead compensator!). According to [4], the desired
compensator in this case is,

   
  

2

2

0.987 2.5 3.487 2.4675
0.0675 36.54 36.6075 2.4665c

s s s sG s
s s s s

    
   

(20)

Note that the specified information and obtained
information for both design examples are very close, but the
final solutions are quite different. The step responses of the
closed system in the time domain for compensator (19), the
compensator found in C1), and compensator (20) are given in
Fig. 4. Clearly, both perform similarly and well, and their
Bode plots are almost identical. In the following section, we
discuss in detail why this is happening.

Fig. 4: Step Responses of Compensated Systems for Specs. C1) and C2)

Fig. 7 shows gain margin for the given range of phase
crossover frequency 1. Note that in this case only one
frequency meets the requirement for gain margin.

Fig. 7: Gain Margin as a Function of Frequency for Specification C2 )

V. RELATION TO YEUNG-WONG-CHEN PROCEDURE

The numerical results of design example for specification
C2) in the previous section indicate that the solutions for
lead-lag compensators from the current approach and the
non-trial-and-error graphical method proposed by Yeung et
al in [4] can be quite different for the same specification. To
find out the reason for the difference, we investigate the
relationship between the two approaches here.

Yeung-Wong-Chen Procedure can be summarized as:
2

1,2T B B C   (21)

   22
1 2 1 2 1 2

2

4
2

T T T T T T

T

 


   


where,

 
   

2 2
1 2 1 2 2 1 1 2

1 2 1 1 2 2 1 2 1 1 2 2
,B C

   
     

     
     

 
   

1 2 2 1
2

1 21 2 1

,
2 1

i
i

T T T T
T TT T

 


   


(22)

and , , and  are obtained manually from the universal
design chart for lag-lead compensators proposed in [4]. Note

1 in [4] is 2 here, and 2 in [4] is 1 here.
Comparing Yeung-Wong-Chen Procedure and the current

approach, we found Eq. (2) and,
1/ , 2   

After tedious derivation and algebraic manipulations, one
can show that Eq. (21) indeed leads to Eqs. (13-14), and vice
versa. Therefore, mathematically, there is no difference
between the two approaches. The only difference between the
two is numerical and depends on the way employed to
determine  1 2 1, , ,  and  1 2 1, , , :   a graphical

and manual approach has been used to find  1 2 1, , , 

in this paper. This can be seen clearly from the numerical
example provided in [4].

For the design example for specification C2), the solution
found in [4] is,

1 2 1

1 2

0.085, 0.2, 10.5, 20.65;
0.4, 1.013, 14.167T T

 


     
  

or equivalently,

   
1 2 11.7850, 4.20000, 0.0953, 20.65

, , , 0.0282 14.3512 14.1670 0.0706



  

    


which is different from (17) and (18) in the previous section.
However, when applying and  1 2 1, , ,    into Eqs.
(13-14), we find that,

   , , , 0.0273 15.9489 13.9865 0.0715  

which are close enough to the equivalent solution.
Now, transform
   1 2 1, , , 1.7204, 4.1984, 0.0946, 20.67    

in the previous section for the design example of C2) into the
equivalent values in Yeung-Wong-Chen’s method, we find,

   
 

 

1 2 1

1 2

, , , 0.0814, 0.1986, 10.5708, 20.67

0.2854 0.3004 0.2858 0.3008 9.9783 10.5024 ,

T T

j j j





   



  
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and when applying  1 2 1, , ,  into Eq. (21), we have,

 
 

1 2

0.2810 0.3010 0.2810 0.3010 9.7990 10.4951

T T

j j j



  

Again, close enough to the equivalent solution. Note that both
will result to valid combined second order compensation, but
no longer lag-lead compensators, as in the example for C2).

Therefore, when correct parameters are used for Eq. (21) or
Eqs. (13-14), they will produce correct results. However,
those equations are very sensitive to small changes in their
input parameters (and they should be). Based on this
observation, we suggest that the graphically determined
parameters  1 2 1, , ,  are not proper for Eqs. (21).

Actually, the phase and gain margins from the solution in [4]
can be found to be,

12.1727, 41.8735GM PM  
Indeed, they are very close to the original design

specification and for all practical purposes, sufficiently
accurate. It is interesting to know that when applying either
new gain margin 12.1727GM  to design procedure for B1)
or new phase margin 41.8735PM  to design procedure
for B2), a proper lag-lead compensator can be found which is
very close to the solution obtained in [4]. For example, using

12.1727GM  and frequencies 1 20.65 and 2 9  into
design procedure for B1), we find,

   , , , 0.0273 15.9489 13.9865 0.0715  
which are very close to the solution in [4]. However,

12GM  will produce a result similar to that from the design
example for specification C2). Actually, a detailed numerical
analysis indicates that there is no three-parameter lag-lead
compensator in the form of Eq. (1) which can meet

12GM dB and 42PM  at frequency 9 .rad
In this sense, the non-trial-and-error approach might lead

back to a trial-and-error use in actual implementation when no
valid lag-lead compensators can be found due to poor
accuracy in determining  1 2, , ,  from the universal
design chart for lag-lead compensators.

VI. APPLICATIONS IN OPTIMAL DESIGNS

Since all steps can be carried out analytically in the design
procedures we have discussed in the previous sections, it is
easy to utilize those procedures for the purpose of various
optimal lag-lead compensation. In this section, we present
two simple optimal design problems:

M1) Design a lag-lead compensator for the specified gain
margin GM at phase crossover frequency 1, and
maximize phase margin within the specified range of
gain crossover frequency 2min, 2max ;   

M2) Design a lag-lead compensator for the specified phase
margin PM at phase crossover frequency 2 , and
maximize the gain margin within the specified range of
phase crossover frequency 1min, 1max .   

Specifications M1) and M2) are based directly on C1) and

C2), the corresponding design procedures can be constructed
similarly. It should be pointed out here that the maximum
phase or gain does not necessary imply a better performance
with respect to many measures in time domain.

The design procedure for specification M1) can be outlined
as following,

Procedure M1:
M1-1) Calculate 1 1, and ;c 

 
 

/ 20

1 1 1
1

10 , 180 ;
GM

p
c p

c p G j
K G j






   

M1-2) Search for 2; for any 2 in 2min 2max, ,   
calculated 2c using Eq. (9) and 2 using Eq. (10), and
then find the corresponding phase margin as,

     2 2 2 2180 pPM G j p    

Search 2 that minimizes the error in the phase margin

 
2 min 2 2 max

2 2arg min PM
  

 
 

   
 

The search process can be carried out using Fmin
again.

M1-3) to M1-5) is the same as C1-3) to C1-5).

The design procedure for specification M2) is,
Procedure M2:
M2-1) Calculate 2 2, and ;c 

 
 2 2 2

2

1
, 180 ;p

c p

c p G j
K G j




   

M2-2) Search for 1; for any 1 in 1min 1max, ,   
calculated 1 using Eq. (15) and 1c using Eq. (16),
and then find the corresponding gain margin as,

 
 

1 / 20

1
1

10 c

c p

GM
K G j








Search 1 that maximize the gain margin

 
1min 1 1max

1 1arg min GM
  

 
 

   
 

M2-3) to M2-5) is same as M1-3) to M1-5).

Generally, specification M2) has no much practical use. To
illustrate the design procedure for specification M1), we
consider the same example as in the previous section.

Design Example for Specification M1)
In this case, the design problem is given as: find a lag-lead

compensator for the specified gain margin 12.5GM dB at
phase crossover frequency 1 20.00 /rad s  and maximize
phase margin within the specified range of gain crossover
frequency  5 / 10 / .rad s rad s

Step 1): It is easy to find that from Eq. (9),
1 10.4373, 1.1667;c  

Step 2): The maximum phase margin and the corresponding
gain crossover frequency are found to be,

234.1554 , 8.6500,PM   
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and the corresponding 2 0.2285,c  2 0.9995.
Step 3): 1, 2 ,  is calculated from Eq. (6),

1 22.1550, 5.1891, 0.1305;    
Step 4) and Step 5): the desired compensator is found to be,

   , , , 11.7429 0.0235 0.1131 8.8416 ;  
and the corresponding transfer function is,

   
  

2

2

0.729 4.8208 5.5737 3.6297
0.1334 50.0866 42.7084 3.6297c

s s s sG s
s s s s

    
   

Fig. 8 shows phase margin as a function of gain crossover
frequency in this case, and Fig. 9 presents the Bode plot for
the compensated system.

Fig. 8: Phase Margin as a Function of Frequency for Specification M1)

VII. CONCLUSIONS

A new and analytical non-trial-and-error approach for
designing a special class of three-parameter phase lag-lead
compensators has been developed in this paper. Since the new
procedure can be carried out completely using computer
programs without manual graphical operations, it can be used
to simplify and enhance the current teaching and industrial
practices for lag-lead compensator design. For example, more
sophisticated design and performance analysis, such as
optimal design and sensitivity analysis, can now be conducted
easily with the new design method, which is not practical with
traditional graphic-based trial-and-error design method or
even graphic-based non-trial-and-error approach, since the
number of trial-and-errors or manual manipulations required
in those cases is simply too large. The new design method
provides a simply, straightforward, and systematic approach
for teaching this subject to students. Discussion on more
advanced design method for similar control problems with
stability and robustness consideration can be found in
textbooks [22-23].

Fig. 9: Bode Plots for Compensated Plant in Specification M1)
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APPENDIX: SOLUTION TO EQUATION (5)

As in [8], let   , then, from Eq. (5)
2

2
2

1 ,
11

c  


  


and

   
 

tan tan
tan

1 tan tan
x y

x y
x y


 


is used in the process.

Eliminating from the first equations, we have

    22 2 21 1 1 0c         
Since must be a real number, thus,

2 21 1 1
,

c c
c

 


 
   

 


hence

 2

2

1 1

1

c c

c





  
 

 
Since , , ,  are all positive, must be positive too,

therefore, only the positive sign in  is valid, thus the final
solution is,

 2
2

2

1 1 1
, .

1

c c c
cc

 


   
 

 
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